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Abstract
Lorentz Invariance violation is a common feature of new physics beyond the
standard model. We show that the symmetry of Randers spaces deduces a mod-
ified dispersion relation with characteristics of Lorentz Invariance violation. The
counterparts of the Lorentz transformation in the Einstein’s Special Relativity
are presented explicitly. The coordinate transformations are unitary and form a
group. Generators and algebra satisfied by them are different from usual Lorentz
ones. The Randersian line element as well as speed of light is invariant under
the transformations. In particular, there is another invariant speed which may
be related with Planck scale and the mass of moving particle. Thus, the Randers
spaces is a suitable framework to discuss the Lorentz Invariance violation.
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Lorentz Invariance (LI) is one of the foundations of the Standard model of particle
physics. Of course, it is very interesting to test the fate of the LI both on experiments
and theories. Coleman and Glashow have set up a perturbative framework for investi-
gating possible departures of local quantum field theory from Lorentz-invariance[1, 2].
In a different approach, Cohen and Glashow suggested [3] that the exact symmetry
group of nature may be isomorphic to a subgroup SIM(2) of the Poincare group. The
theory with SIM(2) symmetry is refereed as the Very Special Relativity (VSR). In the
VSR, the CPT symmetry is preserved. VSR has radical consequences for neutrino
mass mechanism. Lepton-number conserving neutrino masses are VSR invariant. The
mere observation of ultra-high energy cosmic rays and analysis of neutrino data give
an upper bound of 10−25 on the Lorentz violation[4].
In the framework of local quantum field theory, quantum gravity is non-renormalizable.
A breakup of Lorentz symmetry is an element of intuition on study of the quantum
gravity effects. This naturally leads to consider discretion of spacetimes. Among them,
Loop Quantum Gravity[5] and Noncommutative Spacetime[6] are investigated exten-
sively in the past decades. Phenomenological study on quantum gravity gains light
of genuine feature of the final theory[7, 8]. In the past few years, Amelino-Camelia
and Smolin as well as their collaborators have developed the Doubly Special Relativity
(DSR) [9]-[13] to take Planck-scale effects into account by introducing an invariant
Planckin parameter in the theory of Special Relativity. The general form of dispersion
relation for free particles in the DSR is of the form
E2 = m2 + p2 +
∞∑
n=1
αn(µ,Mp)p
n , (1)
where µ denotes a parameter of the theory with mass scale and Mp is the Planck
mass. The modified dispersion relations (MDR) have been tested through observations
on gamma-ray bursts and ultra-high energy cosmic rays[14]. Girelli, Liberati and
Sindoni[15] showed that the MDR can be incorporated into the framework of Finsler
geometry. The symmetry of the MDR was described in the Hamiltonian formalism.
The generators of symmetry commute with M(p) (here M(p) = m2 gives the mass
shell condition). In the way, they presented deformed Lorentz generators as
Jµν = Jµν + αiC iµν(x, p,M) . (2)
The mass shell condition is invariant under the deformed Lorentz transformations.
However, Mignemi[16] pointed out that the Finslerian line element is not invariant
under the deformed Lorentz transformation. So that, the symmetry found by this
way is not the counterpart of Lorentz transformations in Einstein’s Special Relativ-
ity. In fact, Gibbons, Gomis and Pope[17] showed that the Finslerian line element
ds = (ηµνdx
µdxν)(1−b)/2(nρdx
ρ)b is invariant under the transformations of the group
DISIMb(2).
In this Letter, we use similar method of Gibbons et al. to study the symmetry of
MDR in Randers spaces[18]. The Randers space is a special kind of Finsler geometry
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with Finsler structure F on the slit tangent bundle TM\0 of a manifold M ,
F (x, y) ≡ α(x, y) + β(x, y), (3)
where
α(x, y) ≡
√
aij(x)yiyj, (4)
β(x, y) ≡ bi(x)yi, (5)
and aij is the fundamental tensor of Riemannian affine connection. It is shown that
the MDR is invariant under symmetric transformations of the Randers space. The
counterparts of the Lorentz transformation in the Einstein’s Special Relativity are
presented explicitly. The coordinate transformations are unitary and form a group.
Generators and algebra satisfied by them are different from usual Lorentz ones. The
Randersian line element as well as speed of light is invariant under the transformations.
In particular, the zero Finsler structure present two invariant speeds. One is the usual
speed of light. Another may be depend on the Planck scale and the mass of moving
particle.
To make the discussion clear, we limit the modified dispersion relation at its simplest
form,
m2 = ηijpipj − ηijκi(µ,Mp)pj , (6)
where we have used the notation
ηij = diag{1,−1,−1,−1} , (7)
κi = κ{1,−1,−1,−1} , (8)
and ηij is the inverse matrix of ηij . Here κ can be regarded as a measurement of LI
violation.
Denote by TxM the tangent space at x ∈ M , and by TM the tangent bundle of
the manifold M . Each element of TM has the form (x, y). The natural projection
π : TM →M is given by π(x, y) ≡ x.
A Finsler structure[19] of M is a function
F : TM → [0,∞)
with the following properties:
(i) Regularity: F is C∞ on the entire slit tangent bundle TM\0;
(ii) Positive homogeneity : F (x, λy) = λF (x, y), for all λ > 0;
(iii) Strong convexity: the n× n Hessian matrix
gij ≡ ∂
2
∂yi∂yj
(
1
2
F 2
)
is positive-definite at every point of TM\0.
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It is convenient to take y ≡ dx
dτ
being the intrinsic speed on Finsler spaces. Finsler
geometry has its genesis in integrals of the form
∫ r
s
F (x1, · · · , xn; dx
1
dτ
, · · · , dx
n
dτ
)dτ . (9)
Throughout the Letter, the lowering and raising of indices are carried out by the
fundamental tensor gij defined above, and its matrix inverse g
ij.
In 1941, G. Randers [18] studied a very interesting class of Finsler manifolds. The
Randers metric is a Finsler structure F on TM with the form
F (x, y) ≡
√
ηij
dxi
dτ
dxj
dτ
+
ηijκ
i
2m
dxj
dτ
. (10)
The action of a free moving particle on Randers space is given as
I =
∫ r
s
Ldτ = m
∫ r
s
F
(
dx
dτ
)
dτ. (11)
Define the canonical momentum pi as
pi = m
∂F
∂
(
dxi
dτ
) . (12)
Using Euler’s theorm on homogeneous functions, we can write the mass–shell condition
as
M(p) = gijpipj = m2 . (13)
Einstein’s postulate of relativity states that the law of nature and results of all
experiments performed in a given frame of reference are independent of the translation
motion of the system as a whole. This means that the Finsler structure F should be
invariant under a global transformation of coordinates
xi = xi(x¯1, · · · , x¯n) (14)
on the Randers spacetime, i.e.,
F 2d2τ = gijdx
idxj = gpqdx¯
pdx¯q . (15)
Here we suppose that the vector κi is invariant under any coordinate transformations.
One will soon find out that it is connected with another invariant speed in Randers
spaces besides of the speed of light. In fact, it is the feature of Planck scale phenomenol-
ogy. Any coordinate transformations that satisfies equation (15) should in general take
the form
x¯i = Λi jx
j + ci , (16)
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where ci are arbitrary constants and Λi j are matrix elements satisfying
gijΛ
i
pΛ
j
q = gpq . (17)
These transformations form a group. Make another transformation x¯→ x¯ and after
x→ x¯, one get
x¯i = (Λ¯ipΛ
p
j)x
j + (Λ¯ipc
p + c¯i) . (18)
Both Λi j and Λ¯
i
j satisfy the constraint (15), so does Λ¯
i
pΛ
p
j . Thus, these transfor-
mations form a group. The multiplication of the transformations T (Λ, c) and T (Λ¯, c¯)
gives
T (Λ¯, c¯)T (Λ, c) = T (Λ¯Λ, Λ¯c+ c¯) , (19)
The inverse of T (Λ, c) is T (Λ−1,−Λ−1c), and the identity is T (1, 0). Here we denote
(Λ−1)i j = Λ
j
i ≡ gipgjqΛpq. The transformation T (Λ, c) induces a unitary linear opera-
tor U(Λ, c), which satisfies the composition rule
U(Λ¯, c¯)U(Λ, c) = U(Λ¯Λ, Λ¯c+ c¯) . (20)
Near identity, Λ and c takes the form
Λi j = δ
i
j + ω
i
j , c
i = ǫi . (21)
Here both ωij and ǫ
i are infinitesimal. One can deduce that
ωij = −ωji (22)
from the constraint (15). Expanding U(1 + ω, ε) near the identity, we get
U(1 + ω, ǫ) = 1 +
1
2
iωijJ ij − iǫiP i +O(ω , ε), (23)
where J ij ≡ xiPj − xjP i and P i ≡ pi − κi
2
.
The operators U are unitary, so that J ij and P i should be Hermitian
J ij† = J ij , P i† = P i . (24)
Noticed the antisymmetric property of ωij , without loss of generality, it is convenient
to take J ij antisymmetric also
J ij = −J ji. (25)
Under a unitary transformation U(Λ, c), the operator U(1 + ω, ε) changes as
U(Λ, c)
(
1
2
ωijJ ij − ǫiP i
)
U−1(Λ, c) =
1
2
(ΛωΛ−1)ijJ ij − (Λǫ− ΛωΛ−1c)iP i . (26)
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Equating coefficients of ωij and ǫi on both sides of the above equation, we get
U(Λ, c)J ijU−1(Λ, c) = Λ ip Λ jq (J pq − ciPj + cjP i) , (27)
U(Λ, c)P iU−1(Λ, c) = Λ ip Pp . (28)
Taking U(Λ, c) to be near the identity and keeping only terms of first order in w ji and
ǫi, we recast equations (27) and (28) into the following form
i
[
1
2
ωijJ ij − ǫiP i,J pq
]
= ω pi J iq + ω qj J pj − ǫpPq + ǫqPp, (29)
i
[
1
2
ωijJ ij − ǫiP i,Pp
]
= ω pi P i. (30)
Simplification of the above equations gives the algebra
[Pi,Pj] = 0 ,
i[Jij,Jrs] = −ηisJrj + ηjrJsi − ηirJjs + ηjsJir ,
i[Pk,Jij] = −Piηkj + Pjηki .
(31)
To discuss conserved quantities, we need study Killing vectors on the Randers spaces.
The Kill equations can be obtained from the property of almost g–compatibility of
Chern connection[19]. The same result with [15] can be obtained. The MDR for
elementary particles is of the form
M(p) = ηijpipj − ηijκi(µ,Mp)pj , (32)
where µ is parameter with mass scale and Mp is the Planck mass. The momenta
appearing in the MDR are really the physical momenta associated to spacetime trans-
lations (pi ↔ −i∂i). It is not difficult to verify that the MDR is commutative with pi
and Jij
[M(p), pi] = 0 , [M(p),Jij] = 0 . (33)
Define the velocity of a particle as
va ≡
dxa
dτ
dx0
dτ
, a = 1, 2, 3 . (34)
For a particle rest in the coordinate x, from the transformation (16) one can deduce
that
dx¯a = Λa0dx
0, dx¯0 = Λ00dx
0. (35)
Thus, we have
Λa0 = v¯
aΛ00 . (36)
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The second relation between Λa0 and Λ
0
0 can be got by setting p = q = 0 in equation
(15)
g00 = Λ
a
0Λ
b
0gab , a, b = 1, 2, 3 . (37)
The solution of equations (36) and (37) is
Λ00 = γ ≡
√
g00
g00 + v¯av¯bgab
=
1√
1− v2 , (38)
Λa0 = γv¯
a , (39)
where v2 ≡ −gabv¯a v¯b
g00
. The other Λab can not be uniquely determined. The reason is
the same with the case of Lorentz transformation in Minkowskian space. A convenient
choice is
Λab = δ
a
b + g00v¯
av¯b
γ − 1
v2
, (40)
Λ0a = γv¯a . (41)
In the Randers spaces, a particle moving at the speed of light corresponds with
F = 0. This constraint on the Finsler structure (10) presents us two invariant speed
in the Randers space,
C1 = 1 , C2 =
κ− 4m
κ+ 4m
. (42)
The first one C1 is invariant under coordinate transformation and independent of any
parameter, it is speed of light. It is the same with meeting in the Einstein’s Special
Relativity. Another invariant quantity depends on mass of the moving particle and the
Planck scale maybe.
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